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Sy皿op8i8:WeconsidertheboundaryvdueproblemfoIthestationary
Navier-Stokesequationsundersomeshpbou皿dalyconditiona皿dgiveexact
solutionsfor2・・Dannulardomainca8eandfol3-Dcylindricaldomaincase.
Thebou皿daryvaluesofthesesolutionssatisfytheno皿 －vanishingoutflow
co皿dition.
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1 Introduction
TheboundaryvalueproblemfortheNaVier-Stokesequations,whichdescribe
themotionofviscousincompressible舳idis,ingenelal,consideredunderthe
Dirichletboundarycondition.RecentlyH.FujitaandH.Kawaradaproposedto
studyotherkindsofboundarycondition,whichseemtobeappropriatetovarious
kindsofphenomena,andtobeusefulfortheiranalysis,andgaveitsvariational
formulationwithsomegeneralresUltsstatedbelow(See[1],[2],[3]).Oneofthese
conditionsiscalledslipboundaryconditionoffrictiontype.
LetD⊂ 丑n(n=2,3)beadomainoccupiedbytheviscousincompressible
flUidand∂Ditsboundary.Supposethat∂Dconsistsoftwoconnectedcomp(卜
nentsr1}r2.Letrlbetheinnerboundaryandr2theouterone.Stationary
Naviel-Stokesequationsareasfollows:
(1)
{－u△u+(u・▽divu)u+;▽・:lll::
whereuisthefluidvelocity,pisthepressure,fistheexternalforce,andpositive
constantsuandρarethekinematicviscosityandthedensity,respectively、
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Letnbetheunitoutwardnormalvectorontheboundary∂D.Forthevector
u,unisthenormalcomponentofu(=u・n)andut輌stheprojectionofuon
・h・・皿9・n・i・lp1・n・,and・・[u]一・;:・一 ・id…heequati・n・(1)und・・slip
boundalycondition:
(2){慧 。,1。、国1≦,,(,-1。洞D。,一。,。、国 。、≦。9:ii
wheleβisavectorgivenonrlsuchthatfr,fl.dr=Oandgisapositiveconstant.
Thatis,theboundaryvalueofusatisfiesthevanishingoutflowcondition:
(∬)ム ・ndr－い 一1,・・
Weneedsomefunctionspaces.LetO認σ(D)betheseto伺lsmoothsolenoidal
functionswithcompactsupportinD,andHl(D)betheSobolevspaceofthe
vectolfunctions.Let
K=κ β={"∈Hl(1));di・"=0,"=β ・nr1,・。=0・nF、}.
Thebilinealfolmα(%,")onHl(D)×Hl(D)isdefined:
α(u,")=(▽旭,▽")L・(D)=(▽u,▽")・
WeakformulationoftheboundaryvalueproblemfortheNavier-Stokesequa-
tionsundelshpboundaryconditionisa£follows:
ProblemlFindu∈Kβsuchthattんeequality
〃α(u,9)+((u・ ▽)u,9)一(了,9)=0,∀9∈0路(1))
ん・'dsandtheb・un4aryc・nditi・n↓2?issatisfied・
Itsvariationalformulationisasfollows:
Problem2Findu∈Kβsuch`ん α舌`んεinequal吻
・α(u,・-u)+」,(・)-」,(u)≧(了,・-u)一((u・ ▽)匂,・-u),∀ ・ ∈ κ β
holds,ωhere
ゴ・(・)-!r
、gl・ldF・
Here,werecallFujita-Kawarada'sresults[1】[2][3]:
●TheProblemlandtheProblem2areequivalent.
●ThereexistsasolutiontotheProblem2,thereforetotheProblem1.
●ForsmallReynoldsnumbers,theuniquenessholds.
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Inthispapel,wegiveexactsolutionstotheequations(1)forcertainspecial
domainundeltheboundarycondition:
(3){顯 β。,1。,岡1≦,,(,-1。t国1)Ut-。,。、回 。,≦。 霊
whereβisavectorgivenon.∂D=1'1Ur2suchthatfoD19ndr=Oandg
isapositiveconstant.Theboundaryvaluessatisfythenon-vanishingoutfiow
cond輌tion:
(∬)・la。・・∂r-t?
iム・・dr-・
Itistoberemarkedthattheexistenceofsolutioninthegeneralcontextis㎞own
onlyunderthecondition(H)butisnotknownunder(H)o.
2 2-DExample
LetDbetheannUlardomain
D={(x,y)∈ 丑2・1<x2+y2<22},
andr輌itsboundary'
r↓={(x,y)∈ 丑2・x2+y2=i2},i=1,2.
Inthissection,weusethepolalcoordinatesrepresentation:
秘=Urer十uθee.
(4)
Weconsidertheequation(1)undertheboundarycondition:
{
ur=μ,uθ=6
∂μθ
u,=μ/2,〃
∂r
≦9,(9-〃
∂Ue
∂r )・・一ぴ 〃・・警 ≦・
onrl
onr2
whereμandgarepositiveconstants,andbisaconstant.Intheboundaly
condition(4),gisaparametercontrolhngtheslipattheboundary.
Infact,wegiveanexampleinTheoremlwhichshowsthatifthetangential
componentoftheexternalfolceandtheboundaryvaluearesufHcientlylargein
comparisonwithg,thenaslipontheboundaryisactuallyrealized.Folv=v(り
andc,wedefine:
P(v,・)-2、誤{/
、2v(t)(t・一ガ /つdt+(2〃+・)・}.
Fortheextemalforce∫=f,eア 十fθee,wesupposethatfr,fθdependonlyonr.
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Theorem1(i)lflP(fe,b)1<9,thereexistsas・luti・nut・tんepr・b'em(1ノω,
ωhicんdoesn・tsliponr2,舌加tis,痂Cんsatisfiestheconditions
∂Ue
u・=0,"∂
,〈gonF・ ・
(ii)1ア1～0(ノ6,b)1>g,tんereεxi3tsαsolU舌ionUto(んεproblem(1ノ(4ノ,slipping
onr2,thatis,satisfyingtんθCOη品0π3
∂uθ
Ue≠o,〃=90nr2.∂
r
PmofSupposethatu.,ue,ρdependolllyonr.Thenfromtheequations(1)(4),
weobtainthefonowingsystemofordinarydifferentialequationsforur,ue,p.
(5)
where'
Ur=
Ue=01r1+λ 十 〇2r-1-
whereOIamdC2aretheconstantstobedとtelminedandλ=μ/〃.Fromthe
boundarycondition:uθ(1)=b,itshouldholdO1十〇2=b.Therefore,
・・-C1(1十λ －lr-r)+6戸1-
"(diT,)∬{・'+λガ λイ1t2}f・(・)dt・
ItsuMcestodetermineO1.
(i)Ifl《ρ(fe,6)1<g,wechooseOIasfbllows:
・・一(21+、e-、)"{∠221+λ≡2-1`2允(t)dt-4}・
Thenontheboundaryr2,ue=0,uuち=-g(fe,6)holds.
(ii)Ifg(fe,b)<-g,wechooseOIa£follows:
・・一{(1
+λ)f,+2.、}"{ズ(1+λ)…三1+2-2`2綱 穿+9}・
一〃(u;・+IU;一己)+ip'+u ・・;一;・1=fr
-〃(u3t+㍗1一輪)+u ・ub+;u・吻=fe
1(rUr)'=0ア
Ur(1)=μ,uθ(1)=b,
ur(2)==μ/2,ulub(2)1≦g,(gτulug(2)1)ue(2)=0,uue(2)u3(2)≦0,
=d/dr.Itiseasytosolvethem,amdwegetthesolution:
:,
。(er,)∬{・1+λガ イ't2}f・(・)dち
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Then,ontheboundaryr2,
21+λ一1
{P(fe,b)十9}<0,vu3=9>Ouθ=
{(1+λ)2λ+2-2}〃
holds.
Ifg(fθ,b)>g,thenonehastoreplacegintheformUlaforClby-g.q.e.d.
RemarklForthecase
6=0,fe=∫(αconstant),μ=2レ,
9=9(∫,0)=鴛 ∫ ん・'d・'加>9,孟 ん・㌦ ・ree加 古・ α ・・'・書軸・n… 九 輪 舌・、lr1=
0,Uelr2>0んo'」8.For孟 九is50'utionUe(r),ωeobtainUelr=3〈0.Therefore
t九ε7℃existぷア.sucんthat2<r◎<3andUe1夕=ア ●==〇 九〇'ds.1ソiat{8,∫or`九e
fl・ω ・εα'izingtんε3'ipb・und・ryc・η品 ・n・nr2,thereexis舌8画rtua'b・undary
(outsideO∫r2),ωんθrεthe∫～uiddoθぷnot3'ip.Thismayberegardedα3anexamp'ε
・fvirtualexpansi・n・力hefl・ ωd・mainundertん ε8～ipb・undaryc・nditi・nωんich
ωα3ρ・inted・utf・rtんεCα5e・∫P・iseui〃etype.fl・ωbyH.凡 ゴitaandH,Kaωarada.
3 3-DCase
Inthefollowing,weshowanexamplefor3-Dcase.Let
D={(x,y,z)∈R3・1〈x2+y2<22,一 。。<z<+。 。},
andr↓itsboundary
r・={(x,y,・)∈R3・x2+y2=i2,一 。。 〈z<+。 。},i=1,2.
.In.theequation(1),wesupPose了=o.
Usingthecylindlicalcooldinatesrepresentationu=u,ε.十uθeθ十u、 ε、,we
lookforthesolution勉=v(r)eztotheequation(1)undertheboundarycondition:
(6){二:〃讐 ≦9,(9一齢 一ぴ…書 ≦・::il
wheregisapositiveconstant,
Thenwecanrewritetheequation(1)asfollows:
書=霧=・,・△・=嘉
where△is3-DLaplaceoperator.Thereforeweobtainthesolution:
v(・)-2(・・-1)+÷1・9・,P(・)一 ・C・・+…
H・・e,C・,C・,・・a・ec・n…n…N・ …h・ ・弓 勢 ・
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Th。。,em2P吻=81・g2-2.17869_.81
092-3
(i)」ワlc31<α9,thenthereexistsαsolutionωん↓cんdoesnotぷlipoπr2.
(ii)〃1(],1>α9,`んenthereexistsα80～utionwhichsatiSLtiestんε5'ipboundary
conditionOηr2.
3
Pmof(i)LetlC,1<αg.Taking◇=- 03,weobtainthesolution41
092
v(・)一;(・2-1-1
。i21・g・)
satisfyingtheboundarycondition,thatis,
v(2)=0,vv'(2)二色
α
holds.
(ii)Let(]3>αg.TakingO4=2g-203,weobtainthesolution
v(・)一嵩(・・-1-81・g・)+警1・g・
satisfyingtheboundarycondition,thatis,
・(2)-3-;;092・・+21…929〈 ・,uv'(2)一・〉 ・
holds.
LetO3〈 一 αg.TakingO4=-2g-203,weobt… 虹nthesolution
・(・)一象(・・-1-81・9・)一芸1・g・
satisfyingtheboundarycondition,thatis,
・(2)一810篭i-3・-21;929>・,・v'(2)一一・〈・
holds.q.e.d.
Remar1(2∬03>αg,ωecanfindr申>2suchthatv(〆)=Oholds.For
ぴ αmρ'e,ザ03=2.5g>αg,v(〆)==Ofor〆=2.17458 .一・.
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